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,r,• PART I 
IN'.t>ROJ)tJCTION 
Thi·a thesis present;s an analftical so1ution to the 
pr~blem of thermo-ttlastic stresses in a long, solid, com-
.. · · -·-·· pos--it-e ·ci·rcu1ar cylinder', initially - a:t ·zero temper,:i'turtf' ·-·--:·-···---------------··-·:··--
·-----············ -····. ······--··-·- ---·- -·····"--·-·······-····--·---·------"•--.-·"··--·--- .. _.'..·--··-·- - -·-·-- - ...... 
I 
and with an ·inlposed constant ·temperature on the outer 
·\ 
boundary. , The flow of ·heat is considered to be axially 
-... , ...... -~·· 
symmetric. The temperature distribution in· the cylinder, 
composed of two co-axial cylinders of' dif:feren't materials, 
. 
. has been obtained by the use of' the Laplace tran$f'ormati9n 
under the assumed initial and boundary valuef3. 
--
This essay presents, first, the governing dif'feren-~ 
tial equations of conduction of heat · for isotropic mat-eri·.;. 
ala. A brief' review of the derivation of this dif'feren-. . . . 
. 
tial equation is followed by 11. discuss,ion of' the unique-
ness of its solution. 
Part III deals with the nature of thermal stresses, 
·. 
. 
. their .. physica1 meaning()) and the derivation of thimno~ 
elastic equations as applied to long circular cyli~ders(4); 
the governing thermo-elas-tic equations for compo_s.i te cyl-
inders foll.ow imm~di~tely from these consideratio~~-
""' 
formation for b~unaary va~ue problems is given with an em-
. -•· ... fl" .... - ~ ... ., •. - .... ...,.. - - .. .,. •• .... ... -··... .... - .. :.. - ,,,. - •4 •· 
pbaeis on the application of the Inversion theorem to de-
termine tht temperature function T(r, t) f'rom its -given 
" 
·••· .. ,A::OG'. •••' 1 ~· ; ••• ~~..aii-••• 
'. .. .. _..,. . 
·-~-
·' 
·-<.;;-
- 2 
----··· ' 
tr8.1'1s:form T(r,p). The· problem .-un-~nJiuction· o~ heat in 
composite .regions is easily treated by th~s-method but the· 
resulting a1gebraic calculations ·are quite complicated •. · 
,p 
In the initial·· stages of' this· work an. attempt was 
r, 
made to use the finite Hankel tr&:nsf'orms, :for the soluti_on 
0~ t·emperatu~e :ftii;lction., to _avold the eya1uating of re---
sul ting contour integrals in . case o:f Lap1ace transforma-
tion. The choice of proper kernel to suit th~ assu.med 
boundary and initial values for the composite body became 
. 
. 
ve~y difficult and the approach did not appear teasible·. ·· 
The solution to the heat condue,t.ion· p·art of' this 
. . . 
. 
problem has been. dealt with in· Part· v. .. The us~ of modi-
·fied cy.lindri~al functions has been very useful iri cur-
,-- ....... 1,.. 
tailing tedious algebr.aic manipulations. The notation of. 
Messrs. F.· Erdogan and D. Parke()) has been used consist-
ently-- throughout-.- · A list of useful properties of modif':led 
cyJ:-indrical functions ·has been included f'or ready refer-
,;i 
.. 
ence. . An att-empt ha~_ ~een made to- explai_n, in full,. the 
.. 
st_eps involved -and all the detai-J.ed calculations have been 
shown in appendices. · !)ue to the ~omp~icated nature of re-
sulting t,mperature functions, no at~empt has been made to 
. 
. 
illustrate the solution with a graphical or numerical ex-
But the rapidity of' conve_ .... ge,nce of the· se~ies has not been 
investigated. 
::<~ 
- l! 
I 
1if }'s;...:·, 
!,¥,;>·. 
I ;~. 
i . 
\''· 
j 
·1·.: .. 
t ': .... :·cc,'.:" ·-:co .. -:c-: .. • ··, •.• ::..:,,.:·:= 
}.i:,, .. ,; ... ,,· ........... , .... _ ..... ' 
·,~. 
· ... ,. --· ,. 
,. ·. ::-.··,··· -./ 
··-·---~-.. -
_The. solution to the thermo..:.·elastic ~quations is shown 
in Part V:t. Since the temperature. ft1nctlonshave already 
b~en determined, as, shown in Part V, the solµ~ion needs no· 
--~pecial· f'ormu_lation. It .consists . of d~t~rmining the re-
quired constants __ to -ful:fil·l the prescribed boundary valUflS 
following -
tile method of' Lorentz- as ~odif1ea· 1'or· ti11te-depe~dent pr~b- · · ·--, · 
.,. ·~· . 
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\ PART---II 
TilB DIFFBRENTIAi, EQUATIONS OF CONDUCTION OP ~T 
-
FOR ISOTROPIC SOLID 
Ve proceed t_o review briefly the derivation of equa-
tion ot heat cond:a,,ction for an isotrop:l"c ·mediEi, that is · 
,.. ... - . ' ..... ·-- .. ,. - ···- ...... ·--·-·· ... _ .... 
m.eclia whose i,truc~ure and .properties in .the nEtighborhood 
'of any point ·are the same reiat~ve to all di~ections 
• 
, through the point. Consider the :flow of__heat in a ~egion 
. . 
-~ 
. 
such that the temperature 'I' at a point (x,y,z) depends 
.. ::. . 
.. 
upon time t. For any volume V bounded by a closed s~rface 
. 
~ . -~-
s, the rate at which· he8:t· flows outwarde. from V through an. 
' 
-
... 
' . element dS with unit outward normal n·is given by· 
f ,, ' •;' . I I 
-tit;, = - K -~ ds = - /{(VT)· ;; ds 
where K is the ··thermal coq,ductivity 'ci'r ma·terial·.· 
net rate of flow into Vis given by 
~ = + .u I( (VT). =n .as lls 
n 
(1) 
1···1 
Thus-the 
(2) 
But the rate at which heat is absorbed by an element dV is 
given by 
JQ = . s I ~ rJV . T'- ~. 
IO' . 
where s is the specific he-at arid f the mass density of the 
.solict. Thus if we have .n'J' sources or sink-a tn V, tlie rate 
.... _.. . 
. fs = ff1v .sf it dV (4) 
... ' ....... ' ••••••••• ~ :.· .. ·..;. ·'· '.' •• .,. • > •• i 
',. ' 
-~..,,..._.,, .......... . 
1
1 .. ·•·· ... 
. 
.\ . 
... ~-· ·~
::''S. '.·•.~ . ' 
.,_.,.... 
- .. ·--·------- - ------ '"--·· -
- s 
·Now, making use of' divergence theorem,· equation (2) f'or Qi 
can be trans f'o%;1Ded as . .. 
. .-.. - . .:. 
fJ, = /1/v l( ":L T dv 
.. 
(.5J' 
. "'· . 
2 
where V is the Laplacian opera tor in·. s1>ace. 
V 
.. . 
.... . .. -•• . . - . ·-· - ---- --- - ~~--- ~- ---- - -· -- --- - -Equating· Q1 = ·Q2 as given by equati_~_!ls (4} and (.5·) ·and 
rearranging, we get 
. -· 
llfv [ K V 2 T- s / tr] JV : o . at . I (6), 
' Now equation (6) is true f'or any volume V not con.! 
taining any heat sources Qr sinks, the integrand must van-. 
i.sh. Bence T must satisf'y the equation 
wher.e· 
-~--
I. dT 
= K "it 
'.,., 
·The q·uanti ty k is known as·· thermal d-it.fusivity of ., 
ma.terial. 
(7). 
" In a system of thre·e dimensions (x,y,.z), equiftion (7} 
can be written as 
.U = t[ at (9} 
In cylindrical coordinates x = r cos9, v = r sin9 and ~ • 
-
-t. 
· 2 2 2 2 2 
· d.s · = dr + r d8 + dz , the equatiol'.l (fl can b.e shown to be 
r 
equal to 
. ··z -· 
·~ . 
. 'J 
·- ----·-
·-··----- -
- 6 
~- "t.[ uT - II ,•r . .!. ir I - )Z T - ;;_z.TJ H - a,-1. + r 1r + r~ '11JZ + ,,,. (lQ) 
Tffe Uniqueness, of the Solution o:f the Probl.em: 
· No attempt h-as----ye~ been made to establish the broa<l 
co-nd-it-i-ons under which· the· -so-lu"t-i·1m·-t-o··--e-qu·at-1-on ( 7l ii 
unique. The tenden~y has been to prove· ,the unfqu~-rtess of 
each problem s~parate1yf 1 ). 
.. On the other hand, the two bas:l.c problems in the 'the- · 
.... . 
ory of steady state :flow have been c~nsidered. First, it 
would be expected- intuitively ·that ·in the steady st!Clte the 
temperatures insid~ -~ ~iven volume V would be uniquely de-
termined i:f the te1npera_ture were prescribed along the 
bounding sur:face s. ~econd, one may prescribe th~ rate of 
- Jp - - /( rJT di - . ';In 
at. all the points of boundary sand require the tempera-
tu~e at internal points. The two p~oblems considered are 
lc.nown respe·c_tively as Dirichlet and Neumann problems.. It 
has· ~een shown( 2 J- that the solution t.o Dirichlet's prob- .. 
~· .. 
lem, w:l,iere the function itself is prescribed on the bound-
ary,. is ·unique; whereas~ to the Neumann problem, where the 
normal derivative is prescribed on the boundary, is deter-
mined only to within an additive constant • 
. ,· 
f/ 
... 
PART II Jc"'"" -
THE THERMO-ELASTIC EQUATIONS 
FOR LONG CIRCULAR CYLINDER ) . 
. ~ . 
- 7 
· Non-linear temperature distribution in a body may 
produ·ce internal stresses. The term thermal stress will 
,-• .,~.· ,,-""• •L'.'" "-•"-"' -•" • 
:be ··defin.ed ·as the s-i-ress· caused purely by the th·ermai _ . 
____ .. ---·-
--- --::~ , ... - .. - ----~'--------...... ~~ ·. 
:boundary conditions arid the resulting tempe_~ature distri-
bution in the absence of· surface and body f'orces. 
The .tJiermal stresses ca:n be described in physical 
.;terms as follows' 3 >.Let us consider a heated body subdivid~ 
ed into i"nf'ini tely small elements and each element be at 
:the ·temperature it would have when as a part of the ..con-
ti:nuous whole body. ·,Each small element will expand with-
out any restraint. .The ~esul ting f:ree thermal strains 
, •. 
will now constitute. a thermal -strain distribution when the 
' elements are reassembled in their respective positions 
within the body. If. the heated elements can be reassem.;. 
bJ..ed to f'orm a continuous body wi-thout requiring additioD-. 
a-1· stra-ining, the temperature distributi~n and the thermal · 
strain di$tribution prodµced by it will not give rise to 
.J 
.,,v-----=-- ,,_. ·- -- -· "'. --- . -- . . -"~-- -· ....:: ~ . ~~---,· ... -=-"""" .. ___ ,,..... __ """-S""\ thermal stresses. On the otlier hand, if the heate1 ele~ 
ments can not be reassembled in:to a continuous body with~ 
out additional straini;tig, the .. tem~erature distribution has 
ea.used an inc.ompatible t11ermal strain distribution which 
' .. results in thermal stresses. -· 
~-
I ---, 
. ... 
·" 
1· ... ---··· 
. . 
, . 
~ . 
.. 
. To reasaemble· the e-lements into a continuou~~.-~ody···in .:t, 4D 
the latter case. each element must be_subjected·to addi-
-ttonal distortions by the -~ppl~;cation of'· sur:face. stresses. 
" The strain distribution caused by the combination of'.ther-
···-
·-······ ·-------· -mal and surface stresses must be compatible with material 
- ---------·· ---- -·-· - - . 
-· ---- -- ·-· -cont.£.nud.:ty.-·- T-he e-lemen-tw-··must·--r-1-i--to·getber- iii· the reaa-
-semb!ed ~bod.y without ·cracks or fissures~ 
These surface ·stresses can be so chosen that they ar·e 
juet·suf'f'icient to permit reassembly or eleme~ts into a 
continuous body and at the same time are consi'.stent with 
static equilibrium througho~t the body. If the ·surf'ace 
. 
. 
stresses are chosen in this manne·r,c. t~ey are exactly the 
thermal stresses caused by the temp~rature distribution. · 
.. 
"': The analytical derivat.ion of the_ equations of thermo-
el~st'ici ty follows the physical explanation cl:osely ··-·.It·· 
. 
. is assumed that the material behaves according .to assump-
tions of linear elasticity and that .the elastic propert~es 
''T'·'' 
.of' the body are temperature independent_. .Also the materi-
al is thermally isotropic and homogeneous and the thermal 
properties are also temperatµre independent. 
, , I ~r 
. 
. 
... 
~-C"··· -· -~~·------~.. ·--.-.- r· ·--·--- --,.---~··· .-,·-.·-.- ---~---~~----- - ... ~·----- rw . - .. . ·TJi:erinaI -st"re8S- Equations for Lo1!,g ·cylinder: ~-- · 
The temperature is taken to be symmetrical.f about the·' 
axis and independent of axial coordinate z. Ve shall sup~ 
pos~ that tu. the ax.ial di&~lucement, is zero throughout 
.and then modify the solution .to the ~pecial·caaes. 
• • 
.. 
,\ ... 
·;,. 
/ 
... 
. .. --~···-·-···-
I - -9 . 
We. ha'Ye three compon~nts of stress, Or, oe, Ei"'z; na1Dely 
' . 
radial, · circumferential and axial ·stress respectively. All 
. . 
the three shear strains and stresses are zero on account 
of symmetry about the axis and the uniformity in the axial 
directi_on. 
'Tb-e s·tress-str.in relations . a~e: ( 4·) . 
(1) 
C2J 
(.3). 
Since"= O, fz = O and equation (.3) can be written as 
(4) 
On substituting this into the t~rst· two equati~n•, 
equations ( 1), ( 2) and (.)) 1:>ecome 
(5) 
The stresses Or and 08 satis:fy. the equa-~~on of equi-
librium 
f7 l 
,,. 
If U denotes the r~dial~diaplacement _ ., w.e· have.:. 
·-.:.~ ...... ., ..••... ···-·-"·"--.J 
• •"• ,, .. ,., • •-·- ·,- ._...,,., .... •""?' .. ,~C;'"-",..,...J'•~o/-Ji-)0,,..,'~.,.,·'S'"•- •-.-Ho•~"""'''""'•,.>.•~,-,0,~,.•, ......... ,._..,._,-.,._,..._ _ _.0 .-.. -•-•-.-•••" •• ••C ••••• • ,, • ,• 0 • 
... 
- 10 
; ,... ... 
' "' E.,... du. is.-= u 
-
, 
-Jr r (8) 
""· 
. 
. 
By proper subs~ituti~ns intoequilibriUl!l equa.ti~n .. (7) 
'i 
we can show that f'or a long circular cylinder, we have the 
following equations: 
,. 
U --:----1.,.!. .C • .1. /- T· r dr 1-11 . r · ~ 
a, 
6',..-
= -
r 
·8g i(E • I f rrd~ -- -J-J) r" 0,, 
.;. 
and 
r. C;. + '1 r--+ -1: 
r 
+ E ( C, -
-_,~ _ 1-1v 
.CET ~ ( C, 
- +---- + /-V . J+V 1-lll 
---~ 
,. .... -.·----·-·- .. 
... 
'(9.) 
-(10) · 
lz ) 
r"' (11) 
( 12>) 
where the lower limit a in the integral can :be. chosen. ar-
~ I bitrarily. For· a solid cylinder it may be taken as z:ero, 
and tor a. ho'ilow··(?y·11·nder as the inner radius. 
The normal stress distributed according to equ·a·tion 
e, 
at;r&·ss tz ;lit u3 , we· ca11 choo_s'e· ·cj s,, tha·t · the~ r·esui t-an·t. -.. 
. . force on the ends is zero. The sel:f-equilibrating distri~ 
bution remaining on each end will·, by Saint-Ve~ant 's prin-
ciple ·give rise t_o local ef:fects o:rily at the ends. 
'= 
I,\'• 
f f r· 
~-
~~:-. 
\ 
~ .. _ • . 
t_:_ t·' ( 
ti:' 
~r 
f 
1
1
I_·_---
.. 
,,~ 
\· 
t 
~· f t -.· 
I . . -· v:· 
r 
r . -
~~----~----·"·'· . . - . -·----f . 
~,-. 
k l, 
t· 
k [ . . 
. 
! 
.. ~ B'fY 
-
r • ,.~ ~ ~ ,., !' - • ol 
• • r .-,..,..,,,;. 1.- o , ' • , 'r , I • 
A. 
But the 
te'rm ·-v~ 
E 
disp1aceme~if U is 
·must be~_added on 
The axial displacement is that 
._.-~tres_s-
" . 
------ .-------.' .-
:.,-~·. ······• ·-····· .... --. ~- ··------~ ..·--··-t··,-·\· 
.. ,-,--·-:·-
-~---------------------~~----------'-----,----c--~----------------- ----
-------·-·· .. --.--
..:=:::::-~---- ":'.\ ...... ~ ..... ~ .. ---., 
........-... _ ___) ~ -- ----· .... 
--. 
-
a:ffected by axial stress 
of~ equation 
.corr_esponcling to uniform' 
- ·:;:I,··· 
. .,._..._ .. -
......•. ~:-. 
·-----•,----··---··-·--- ··::-·---- --_---·~·-·. -----·-· .. 
·,-.,•;·:··'··--/·,·. 
~--_.., 
11 
._..,_ 
a~: 
..:L....;._._----···· 
,.-, 
,,', 
•:, 
I 
,, ... 
. ,., .... --·~-
. · ... ,, 
,f,• 
-• ·L 
- . . , 
·-----·--
- 12 
-
PART IV 
APPLXCATION 01' LAPLACE TRANSl'ORMATION 
The integral (1) will.be called- Laplace transfong of 
T, and is a function o:f~space variables x,y,z and p which 
--is a number.whose real part is positive and large enough 
to make the.integral (1) convergent. 
· The method consists of a fe~ elementary theo-rems and 
a table o:f Lapl11ce transforms, tha·t is of integrals ( 1 ) .• 
No.attempt is made here to in~iude the theorems and table 
of tran,:rorms as they are·most widely known and given in 
all the standard books. 
Vith the application of, Laplace transform to, say·, 
,,, 
equation of· heat conduction. giv,en with proper boundary 
conditions, the paptial differential equa.tion ( 10) of 
Part II will be reduced t~ an ordinary differential equa-
< 
----~-----~---.,..........---------- -~------·-----------~-----------~-~ .. ,.. ..... ~ . -·-~" ··--- ·-~-. .• - -~ -- --- ~---.......-,-,,.- ---- -~---.._.....<n_ ,. 
tion. This equation will be re:ferrfd to as subsidiary. 
11 
equation. 
. ,. -· -· - .•. " ... ... ' I> ·-.. .,. ..... • .. • - ··~ ... • ... - ~.. .. .. • • • - - • .. ..... .. .. • - ... • -~ • • ... ...a ,,. 
When the subsi.d.iary equation has been solved with -the 
-Bubsidiary boundary cond:ltioQa., t-he Laplace t·ransform T of 
the solution o:f the solution of the problem is known. It 
.. 
-~ 
- '( 
r 
•;, 
. . ,. 
-·· 
:is now requir.ed ·to f:l.nd T as a function of time :rrom T, ••, . . 
and this will c·onsti tute the ·solu~ion to t¥ problem. . The 
. 
-simples~ method is to look up .T ~n the table of' transforms 
and to pick out the corresponding £unction of t • 
.-"\. 
..... 
. If' the transf'o·rm T does not appear in the -table, we · 
- - - - - ~--· -- ~- ----~-·-··---·-· ~ .. ,_,._._, ___ ,..._ .. __ . 
-
- . ...., 
-- - . -- - - -
------- --- - -
--- -- - ---·-·--•' ··-- - ·~-· --- ---- -
. -determine T from T by the use of :t~versio1.1 TheoreJ.11- tor ,,La~ -. . 
1ace transformation!S) 
This states that 
I+ ,;o0 
Ttl:J = -1-. j . e At Tr A) ti)_ 
. i.r, (a) 
where· 1 i~ to be so large that all .the s·:Lngulari ties of' 
. 
-- . --· - .- -._ .. ,_... . . . T( ~) lie to the left ot .line (¥- io0 , ¥ + ,oO). ~ is written 
in place of p in, equation (2) to emphasize the- fact that 
in equation (2) we are considering the behaviour of T re~-
garded as a funct·ion of' complex variable, -~ • 
TheJ-e are, of' course, conditions on T(~) or T(t) for 
the Vfllidi·ty or equation {2). We will not consider these . 
. 'i 
here and will assume that all the conditions have been 
.complied with.· 
--. ~- -·. ---··- -----~-~-------··. 
-·-· . -~ -· ·-· -,-., ··- -- ._, . . . -·-·- -··- ---· - . . . -
,•• > • •••H• • ••• ·- •• - •• ' . - - ·- . .- .. -. ' .. .. ··--· -·-- .. 
When the solution has been found as a contour inte-
-"- . - ' 0£ poles alo~g the negative real axis (and possibly other 
Q~-
( 
--14 
0 
. poles also) we ~omplete 'the contour. by·. a large· circi~.,., .of 
0 
. 
,1 
radius· R, not pas·s·ing through any .pole of the integrand-- -. . 
. . 
(Figure 1)-. Now it can be shown for the '1Sual problems· on 
cond~ction of lieat in finite regions(i) that the integra1 
over the large circler vanishes in the limit as its ra-
dius R tends to oO • 
~ 
' 
' Thus in .th~ limi~F' ... the ... lirie integral 
( 2) is equal by Cauc~y' s theorem to 21'1 times the ·sw.n of 
the residues at the poles of its integrands. 
(ii) . In problems on ~conduction or heat in semi-infinite 
r~gions T-(~) usually has a. branch point at)\ =0. In .such ""; 
cases we use the contouF of '"Figure ·(2) with a cut along 
the negative real axis so that T(i\) is_·a single vaJ..~ed 
f'unction of ~ within and on the contour. In the limit ·a• 
the: radius of large circle tends to infinity, the integral 
round it can be shown to vanish and the line integral is 
replaced by a real infinite integral de·rived from the in-
t.eg-rals along CD and EF together possibly with contrib~-
tiona :from small circle about the originf and ~y poles of 
in.tegrand. '. • 
. c,..: 
I:f T()) do.es not belong to either· of the · above types, 
special methods will have to be .found f'or dealing with it. 
10 
--· -- .. ~ .. ~-·---- -· .. -·-·- .·-·~ .. ----~ .. ·-·. - - - -•.-. ·--·-· .~, .. ~::-·-'-·-··· '-· --- -- .. -0. O ..... :~. -- ... • 0 .. ·•-·, ., •.••• :,. _._ ___ ·- - .••••• -·- ...... --~ - --
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PART'V 
. SOLUTION TO THE BEAT CONDUCTION OF A LONG, SO~ID 
--·--·--··--"· .. . AND COMPOSITE CIRCULAR CYLINDER 
The ·Statement o'f' the Problem: 
. ' 
An infini t-e long so.114 compos-1. te , cylinder-- -o£ one Jlla-
t erial from _Of: r I. b and _of another :from bL r '- a. Let the 
temperatu:re,· conductivity, speci.f'ic heat and .densi'hy--in 
b £rLa ~e T1 , K1 , c1 and / 1 and let k 1 =K1/c 1-; let the . 
corresponding quapti ties. in O ~ r£ b be T 2 , K2 , c 2 , / 2 and 
k 2 • T~e in~ tial · temperEt ture of'- the soltd is zero_. The 
surface r = a be kept at a cQnstant temperature _T0 for all · 
time t)o. 
Assume that there is no contact resistance and hence 
0 that the heat flux is continuous over the suJfface of sepa-
- ration r = b and that,· also, the temperature in two _media 
' .
·•• .-••-••• . __ ...__...., .. ,,.....,.,. ... <.,.,••~....,..,.,.,~,,. . .....,.. .• 
are the same at the surface of' contact. 
• I 
- : • ~ •r--~ ·•-'• • "~ -. -,..--- ••-., •----:-~~ • -------. -•• 
~-
• •• -I"'• ,_,. • "·A'"'JI-;. •o--tt,1 ~- • ·''-'/1,.#11. " '"·': -...&' .. . . ....... '; .., - . ... ... 
... ·--··----:··- .·J: 
.... ·-~-- ,,... ··•·· ......,.._- -~--
• Fieure -:t ... . - .., 
....... .,..~-----i 
.Cross~Section of" Solid Composite Cylinder 
------·---~ 
,•!I'~· ---;-· .... 
p 
- 16 
. . 
.:._ - -~--~ ,.· . : . 
The governiiJg d-ifferential equation for ;heat conduc- . 
tio:n, from equation ( 10,) Part xl:·, ie 
Assuming symmetry about the axis of cylinder (the z 
axis), the operation !. is identically ~-e-~o. Al.so because a, . 
--
the cylinder is. very long, we will assume that the condi-
tions are such that parallel section sections of cylinder 
,,,,. normal to the axis have the same distribution of tempera~· 
a ~ ture, the operation h is then a1eo i~entical_\y zero.· The 
above equation, therefore, can be rewritten as 
1., . [ ;z Ti + 1.. !_T,J - ~7: 
"· ~2 r 3r - - 1 Ir 
and 
. L. ,t. l.& 
"-
(.1) 
·:(2} 
From the statement of problem, the initial. and stir-
face bound_ary conditions. for .the composite solid, can be .... 
written as 
. . 
7i ( r1 · t) =- o · 
t:o 
t = () 
--- ......... f J.) .. --------···-
(4) 
-· . -·· . - . -. ·-·. . . ' .... -- . - . -- . .. .. . . . . . .. . •' ... ~-. ..:.... ~ .. · . . ... .... ·. ~ ... 
and boundary conditions as 
ft; 
r=- a I 
7;(r;#) = F,-,,:te f"4Mt;t1 
,.,I 
. 
t)o 
{5) ' 
(6) 
'.i • 
'· 
fl,~·~·~·· .... ~,.~ ..• ,:,. 
':; ·'~::''.·,,:' :,~,,~;:--· ' .. ! ,; .. ,, :,·, ·::.,:~· ''<": }··· <>-. :. '::>::,'_•."·.",:, ,-,· . . Y-. ·' .. ·; ::-•·:, ;, '.···_",• .'·/'.',''c .. ~: ,-: . • •. ·~···' 
-·· __ . · __ · __ . --------·...--·-· --·· ·-- . 
/(,-ar:- -... v ,1: ., 
I - I - 'Ii - JI. · a,- ;Jr -
.... _ 
.. , . 
r = 6, 
t )Q 
. (7) 
t)o 
.. (8) 
Now multiplying by- ,-.pt,· p) o, integrating with re-
spect to t from- O to _oa , and writing 
' 00 - . 
- -I ->-t T,~ l 7;tlt, 
0 
we obtain the :following subsidiary_ equations: 
o!::r.Lb 
to be solved witlf 
.... To r- ct 7;/r,p}: 
--
...... 
;, 
f"'""tit~ ... ~/,,,· le T:::. O · T,_(r,p) 
-
-
- -7; fr, J,) - 7; (,;p) 1-= I, 
-
r , r ''II> ! 
and 
-
•. ( 9). 
(1._0) · 
-'(11) 
(i2J 
.{1.,.) __ 
I(, dT, -
.. . .. ,_ .. -- ·•- ----··-··--···-····---·· --··-',-··- ·- . 
dr -· ,·- -----··---···- ·- ·-·-·-· -·---·-.... --· ......... -11-ir,---· .. 
.. _ 6 
··-·· .. -...... .... .L ... .Jl!!! .... ----·· .... -· 
J 
·J, = P/lf, ' where ( 1.5) 
The genera1·,.,iu,-1~iio11· or equation· (9) can be ritten 
as 
j,=" = /11 I, ( f,r) + 81 I(. ( 'I, r) ( l 6 ) 
( 
./ 
-. 
.I' 
- 1S" 
' 
where A1 and B1 are constants to·\)~ de.t..9.rmined wi-th equa-· 
tions ( 11) , ( ~:}) and ( ~4) • _,,.Functions J:0 (ci-, ~) and Ko ( q, r) 
are the modified Bessel Functio~.s of first . and· second kind . 
" respectively and· of zero order.- '. 
. Similarly the· general solution of eq11ation (10) can 
be written down as 
· T, = . , II:,. Io l '12 r) +~ ·Ba Ko ('IA-,,.) ·. 
-which- under the consideration that T2 has to. l)e fini·te at· 
r = O; reduces to 
-T,. = · A,. Io ( 'ti r) (17): 
where cons.tan~ A2 has to be determined .w~th ·conditions 
. 
. ~ 
( 'f.3) and ( 14) • Thus-~ we have,. in all, three constants. A1 , 
A2 , ,and: B1 to evaluate with the three conditions given by 
equations ( 11), ( 13 )- cµid _ ( 14). 
Vi th the help of the above conditi·ons and the use of 
tlle recurrence formula (Appendix 1) we get 
~ 
7;J; = ,q, Io f ,,4) + 4 ,to I J,4) (18l 
IIJ Io {f1,/,) ~ H, Io II,•) + 8, ,f. ( l,I,) {19). . .. , 
·- ------· ---·-------- -- .. -·· --·- - .. , ··--·. - --
K,. 1.a R,. I,(1.1,) = /(,i,[A,I,/'M,)-8,/(,(J,1,)] (20) 
order unity. 
The solution- of· equations (18)., '(.19) and (20) give~ 
. = 
i . 
r 
~' 
!. 
.... ,., . 
.. . _.,...,., .. 
-· 
. --
0 
. --:----------
..... 
···-·· ........ , ...... ,.,·-··.·····. 
l o . .·~ .. _: ___ 7 .. ,. 
. 
. 
the f:oJ,..low:i.ng val~es for cc,nst~nts · '(App-end:l.x -2) : 
A,: ·; . IG.J,.I,f'li~Jl6rt1,bJ + l(,z,/(,ti,1,JLffalJJ 
I' "1,,. I,{'11.l,J lJ( I,", 't,h) -,Y, t~I0 f.'Jal.JJJ0, (B/1, 1,1,). 
(a1). · -
and 
s, = '5 . - ,r,, 1i I;/tatJ Z, lf,hJ + ,f, t, Io tf,6) I, 11,6) 
P K& J.i I, f'J,.l>J JJ I J,t1, 'i,b) - I(, t, L 11,1,J lo, ( z,, f,•J f 23) 
,, 
-----·--· .. -wherEt f'or brevity we- have - introduced :functions defined as 
follows: 
(24) · 
(25) 
and in particular 
lJo, f Z,'I) = -I.(:x) k,111-K.rx)I,11) (2_~·-> 
The-~abo.v:e f~cttons are connected with the cylinder 
functions 
C 'X, ;'I} = J. (ll) Y. (!I) - Y. ( JC) J. ,~,. 
- . - ---------------~:~·--·--- . . 
- . ,..,. 
·., 
C,;s 
a r-1.s -(1,:,) = Ct "iY) 
axr3t1 
V 
(28) 
by t:he relations -
.. DI • • .,,. Cf ~,1) ,., •i) - -
- -J, ( :c!tJ 
.• 
__ ! 
•• 
""· : 
-·._ .. ·.:• 
I· 
·--------- ~---·--....._......:.~---···--- -
-. 20··· 
-~- - . • .. · 
., 
. where J0 and Y0 are"' Besse! functions of order · zero and ·~t 
first· and second kind respectiyely~ ~h.e following ·pre>:,e~-
ties a:re. 11se:tul and refe~onc~ . to these w~ll be 111aqe in.. the 1 _,;,_ ... 
. later portion~- of thi.s workJ7) 
________ .. 
¥ 
:Or-,,i1 S f x,,) + f .1J,..,., s {X,Y) -·JJ~s (1,Y} = 0 
',JI I 
. 
() 
• 7)., (N,'J) : - ·· 1J;0 I fl.,•) 
•. ~~ I -> -~,t _____ ----- - - -· 
DI ~ti) D11 ( X, I)- ~01 I __ ,, I) D,o f Kt'/) = j lJ,;f~Y) 
I 
--
-···· .. ··-- ·- -. -- .. -· - .. 
-·--·--·- -· -- - ..-- - - -- ·--· .. ···-
. -•··-- u-----------~ -·-~·-.__. • • • •••• 
- , 
Io {X} ll,o (1,,f) - z;, IX) n,~,:/) = .J I,, (Y) 
~ 
. 
_ __ _ __ Ln; IJ,ttl)- I. f•J 1J,~ l!J,x): ~/f1JJ'J)(lf,,) · 
·----- ·- l 
·:-<:-· q 
/ 
· ( 30 .• 1)_ 
~· 
( 30. 2) 
(jo.:J) 
c,o.4) 
(:30.6) ... 
-( ,o. 7) . 
.!. -
( l<>~ er ~~1 
- -------···-·-·- --- - .. ··-( ltl ~ l O) 
C 
"'~ 
.. -·--- . 
,._"; 
• .. ····-··!:·:·'· 
f· 
i-~ 
~· . . 
. ,> 
·-· j' 
,,. 
.· . .,. · .. ·-
- 21~ 
. ' 
· £' .(;·'i:.•· J- .,· .. J~:·:·.T .. · .... -.· (·· ~ .. \ · . . ,, J!' . . ~. .. ~ t V> I 
..... ·----- ·· i:t. ihe :C is r·eplac•d by ~' . 
. • 
__ . _...:....._ ... --
,;· By substitution er£ va~ues---of'. the cons~ants· Ai, A2 and . . -
,. J..J s1 as given by equations (21) t·o (23.),. J.n~o. equ:at.ions (1(i) .. 
and (17), the functions ¥1 (r,p). and· T2(r,p·) be~Qme (Appen~ _ 
~ix 2) 
.. 
T.-- - 1; 
~-- -p 
Ki f1. I, t'l:.6l Df'/,t"', 1,1,J - (, 9,-Io19,1,J D~1 If,,; t,1,J 
k1. 'J,, I, lt,1,J JJ/f/,4 , 'i,J,J. - K,"1, Iolf,1,J lJ01/f,a1 t,IJ) 
and 
- h T. - 0 J.- -p 
K,/1, lo ( f,rJ 
/(,.f,.:t,(g1,J !Jff,", 'J,i,) - k,t, Io(f,I) J,, ('l,11, f,h) 
• 
- l 
-
• -·--..:-: ··-
(32) 
Ve now proceed to determine the functions T.1 (r, t) ~d 
.. -
~ 2 (r,.t), _having :found the transfor.ms _of· these two func- · 
tions· as given by equations (31) and (:32) • .. 
- -
. The transforms T1 and T2 are not listed in staJJdafd ,, 
- --- ------- -----------------·---
------. - -·-· .. -·- - . -- .... -· .... ··-· -----· ·-······ 
-·· .... ·-
tables of Laplace transformation. We must resort to use 
, 
of the inversion theorem for Laplace transformation as . 
- .. 
. ··-
- ,·,·~~ 
..,,..... 
- "~-~ ·~ ~, .. -,. . . -~ 
.v.,,.~ 
.... , " given by equa~n (a) Part :rv· •. The t"unGtion Tl{t)·· ia 
'""U.\itil" ···1.,_.,. .............. , 
. ~~· -- .lij~n~ a.~ ..... --- .. -· . 
.9 
,,·· 
... -·,-~,....·-~ 
~- ,.,. . • I,. 
·-. 
- 22 
-,.,,tlO 
0 
' .. •, .. · . 
-r;u, = f;; j ex( t f )) «.:i 
------.----< --·-. ________ _:_.:._,,__ __ __,.....,.-:--~-~~--'-----:----:7r:1 --·- ·-·--·-------·-·--------c---111---~Jo0a 
' ( 
l+i• .Q 
- ~ rt JG ,11& I, f .AtJ b}. 1t Ar, .,u,J,J - /(, "', I.1;11~1,J /J;;t~ll,J,) t/A 
- l'll A ( /#.a I,lAl,h}lJ(.,41,a., ~,h)-- /(,At,Io{At,h) D01( Mill, JI,/,) 
,_ '"' ~ I 
anci_ function.T2 (t) is· 
l+icil 
To j e>,t /(, lb. I" / -"'l t-J ti Jt 
U; J (1*4' I, (Ai~') '])(M,0,,1111,)- K,-4I0 f~') lJ"J f Al/111 Al,A) J-iCO 
wnere) is written in place of p and 
. .tfA, = V ( ! , I 
. . k, 
.... -
_( :13) 
(.35) 
Functions T1 and T2 have singularities at~ =0 and at 
the roqts of equation· 
. . .. ,.,. ... ........,.., 
tions ( JJ.) · and ,( .14 l. 
·- ········- -----. --- . 
This may be shown by the followilig 
·-·~ ·-~~ .... --- ~ lfl'.'lt ~~-- ·-
- -- -ai-8'Wl18Dt7·"·L;t'¥~c}lf ~d--~(~) d~~;e z-especUvely the~in-
tegrands of eq~ations (33) and (34). Now it can be shown 
..._ ....... 
EX 
-·- -.. ::..,,.,,.._,,,. ____ ...__}( 
·,~· 
I 
t._ - -· f . ... . 
I_, 
// 
/ 
,· 
- 2) 
uaing-/the series expansions of Bessel functions (Appendix . -,, 
1) /that as >,. .. 0 1 . the mod:U'ied cy.1ind~ :functions D, n01 , 
~11 have · the following :form~~~=- _ :__~--· ··___:.· _· ··.;.,_· ----.---~-~~~ D10/.and I 
1J,.41,,,fll,, ..... "'' f ..:.1'11 ,._ .,,, + 1 ,a_ r•; ,,,, I)+ ·· ·· c.,1> - .l 
(..38) 
~-{'L: 
\~~~::~;}_ 
I,'- ,.i + Ai [ ?:! /03 .r. - A'! r"] 
J rh . 4 , h I l,rlJ + ~ .... (4_o.) 
Also 
' 
T ( · M.aa& . 
-lo ;M•) = I+ 
4 
+ . - - . 
( 41) 
-""' ' 
-I,. ( 1UaJ 
-(42) 
' 
iions. (19) and (20; respectively may be written as 
·~- ·- -~ .. ~ - .... ,.,_ ··-·... . ..... ... ..... ~ -· 
l--: - .... _ .. ,. ... __ ,_ ······-···· ... -·- - ..•. ···-.> . ··············r·······- .. - ,1;·•• .. ; ••• ~~:. ··-··--· -·--
. ·-· .. - ~-
- 24 
or. simplityinJ, 
.. ef . 
(44) 
The numerator of expression in the brackets may ·be 
wri·tten as 
' .i D+ X~-8,\ 
~·-·--
. ,.,.,_,r- ...... 
~~!i?{tf 
.·. ff{:\i (; 
. J 
where 
8::. "' ru,'- r 1) + ot ,.,, "'f 1~ . BAi~ ,L' . . ' , Tl ___ . - I(, u- -h 
·~----- ···-----··---------er 
.... 
(44,.2) 
·Similarly the denominator becomes 
(44 •. ,) 
where 
(44.4) 
The :function t:f:>1 ("l there:fore takes the :form, 
4>,<M ~ T. it .L. f lJ+_:X~ - B )\,. 1 
. ;A .D + y). - C ;.z J (44.5) 
.. ..., ,, 
I Dividing the numerator of the expression .in the 
bracket by its denominator (Appendix 5), .equation (44.5} 
becomes 
. . 
' ...:. . ,. )·r.··-- --·. --·· ---- ·--·---··· . ·- -·--·--· -··---· ·-----···· -·---·· --· ····-···-··----.--.--.-,-'.--·--·--- --:··-·--··-·-·· ·-----··-· ---····--····-·----- -.·-·· ·-·--· 
-·->-->·--· .. -- ... -~ (}.) ,.._, ~ _6 ( I+ !:l• ,\ +-~ ').1. + ~ ,\ + .~r >,4+ •• ·) 
. • ' i\ D 1J . 1J 1J ·· ( 44 : 6} 
or 
;·t .,. 
-. ~:-·.- - - ---· _ ......... , ... •.----- .... _.~-~ ·-- •:·-·-..... ~ .. --....... ... ':' --·- -.... -...... 
·,..,._.. __ 
. ; ..... 
\ -
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·-
·4: ( ~ l . --·-·---~---·---"· 
-. ~ ·To [. 1·+ >,t +•·•·Jr. I+ l:11 >. + ws \ z.+ !i" .;,,.1' + ~ ~ 4+ . ··]· 
~-1 ..... .. . L . . :0 J /I. '/)" .. '/)II 
:• ··•. ···~ ..... . 
{45) 
where 
w,: ( x~·y)·. 
.J LJ~ = ( C- 8), 
(4 5 .1) -
_Function.ct>,(~) has a simp1e·po1e atA =o. 
Similarly, 
.. . . . 
c+a. C)) · l e"t4'9 ]) "' . ,.-------
-;· 1J+ y >. - C >-.s 
p 
--···------
-- ---·------------------------· ·----'---'----
-- -- - --·~-~ [ ,-~·(t-Q:))--~,;;--.:a,1) l +{ 1~-if)A,+u'). (46.) . • ---- t 
. ' ·~ ........... 
- - -
- - . ~ -
where 
.. 1,11 , •rt:t • .... ....... . 
. .. 
Functi~n~(,\) has, also, a simple pol-e a.t,,\ :::0. 
. . . ~. -~---,. ,_ .... ,.,_.,., -... ,... ·- .... , .. _.,:.,•:;. . --:-.. 
,,_ 
' . 
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.(', 
-
, To determine the root of the equa~ion 
(36) 
. ' 
we shall transform it into a more suitable f'orm by the 
:tollo9t1ing substitution, and with the use of' relations as 
given by equations (27) to ··(:,o). 
$ 
where 
By substituting 
k: {( f J 
(47) 
(48) 
the equation ( )6} ~ow takes· the · form 
(49) 
where ± aC n are the roots, all r.eal and simple. 
The :functions cl', (A) and~(~) have no branch points 
. 2 
at X =· O and th~y have simpl·e poles· at~= O and')\= -k.a ol,,. 
The int.egrals as given by equations (33) and (34) may 
theref'ore be· expressed as 2,ri times the sum·of' residues.of 
corresponding integrals at their p'Oles·-{-Part IV). 
a The residue of ep, (~) at ~ = -.\4 i~ given by the ex-
pr1us10~! 6 ) ·· ···· ·· · · · ·· , 
-
.......... > 
....... ~-·~ .... --. ~ ~~'-' l' .. '1'Ma r, 1A1:i,t111.Mir, :u;,,r.7r, Al,I11f ,#p,, 11,, r A,; ~"J · 
"
( r). r "Ali r, r Al.r,Iv.1,,,,,a, ,.,, ) - I( Al,J., r .,.4,; ti/"+•. _.,z» 
·"" (,. ~ 
. (so) 
f 
-· t , 
. Putting·, 
- '· 
.. 
. 
. 4( M : ~N..I, f "'1.ll)'f}(,M,",4")-1(,M,Iof~") Jt ~•.~4),- . Olf 
. "\ 
ti 
we need to- know 
• 
. ..,, 
._ · (S2). · · .. 
to evaluat-e the equation (SO). The solution of' eq.uation 
(SQ) is noi; .. ~hard but -~nvolves tedious caleulation·s., These 
have been shown in full in Appendix ). The main ·steps in 
the calculations are 
where for brevity we have written 
I,= I, (.Mil,), L = I./NaJ,), D,s ::: JJ,;s ( ~", A,/J) 
# ' 
(54) 
-and- have made use of the following: 
' 
.., 
t j) { ;410 I ;41/,) : Q 11,0 ( ,A/QI All,) + /, ]JOI { ,/114, A//,) (S5) 
1.. D01 ( -"4, .M/,) = a lJn ( ,Illa, ,111,) - j lo, ( Al", .II/,) (56) 
'·"' 
--·----+>~,... ···-·- ___ , ___ ,--. --- --~--·----- -- ~ 
(58) 
., •• /¥·~ ....... "~"' -.~ ... 
. . -~- ~ .... ,...: ....... -.,~ 
.Dr x.,11J,:f ~1J- 'IJ. fi.!IJ ~t •,II) • 1j 
. ( jO. 8) 
,•' ; 
-----~and from equation ( 36) 
. 
• 
. . . 
~.Alt I, ( A/1,J,J . _ · 1/.0 , (Al:fl, Al,/,) 
-K, ~, Io { AIAI,) 1 { N,01 ,MJI,} = ./._ __ . ______ .:·,.... ... 
· Now, substituting 
( 60') · 
and simplifying, the. -equation (53) becomes (Appendix 3) 
where I 1 , I 0 , and D are given by equation 
• ting )t =-t1 .t,, , we get 
· where 
( 54). 
(6l) 
Now, put-
' 
(63) 
and we have used re·l.a·tions as given by equations (29), 
·The numerator ot function~ (A) is now simplified and 
• 
, . 
• 
-
.... 
·-
\ 
,. 
'· 
-
. ___ .. ______ _ 
- . 
·-----· 
. . . 
.' 
..... 
. . - . ' \ 
t ilr [ I(_. Ai£ .1, (-".,I,) J} ( At/r, Afl/, } ... .f, M, J. ( .11.,.,) ]}OI !.llir, At,/,) J J 
). ..... ,2. 
... 
-1:,.r.-!.. C ( I 
. •6'M . . ok,ln, 4ki,,) 
= e _, Jotl,J..J ------
, ·-····-·--· C( ~a, ;«,oJ 
1:. 
. 
·-- ·--~---~-
·--·---···-----·-··-· ··-·········--·-·--- ----------·--·--··-----·---~-~--··--- ·-···-····-···-······ .. . - . . . - -
(64.) 
Thus the residue of c;,tf (,\) at }. = -lr.,..t,,a. is 
and similarly for 4i (~) at ).. = - ~ .t"z 
00 -4.(,~ . 
(:l1ri) .,, k, 'l 2 e J; ( l'.t,,} .L ( ",t,,, C ( /,kin , IH,t,,). ,,, { ./,,) ( 66 ) 
.. , . 
where 
_,__ 
Mfl,,J ....... 
gn 
--·-- ----~------ . Nolf·, J:'et"er~ing to eq.;,_-;ti~~s (45)_ .. ~nd--(i;6);·th~-;;;1_ . . , .. . ff:,1 
eacb 7; , Thua the v.alue of integrals given by equa-
ttons (Jj) ~d_ (34) become$, ., 
--~ 00 --1~V i 
T, ft J = T. + 11",f, 7; 2. e '4 f """JC ( ru,,, &u,, J M/4.) 
. ,,,., 
(68) 
( .. 
\ 
> 
,,: 
. ·'"'!" 
.. "':,·.··. 
'r 
...... "1 
f I 
_, .-
· and 
where T1 (t) and T2 (t) are the required temperature func-
tions· f·or the probl.em. 
~J.C. Jaeger~?) 
. 
This·answer matches with that of 
B. Temperature. distribution in a composite cylinder when 
the outer boundary, r == a, is subjected to temperature 
.T =T0 t for all t:ilne t) o; 
We have now 
(70) 
and 
Now ·proceeding along the same lines as indicated by 
. ···-· - --- - ·,---·-··----:.,_.......,_.,_, . . -·--·---·-·---~ -------~·-····-~-->- --.-~.--.. . . 
----~-··-------------- ---•••~- •" -•· •• - •·- ·• -•- • • _, ~- • -r , ...... , • .,,..--- ·•, - ·-• ,•-:_-·•••"•• 
. 
equations (44) to ·(44.6), we have, analogous to equation 
(45), 
: . _.,.., ~-,--,-_., ,, 3_,,,..,.. :,; .• ~,..,,,,. 
·- -·· -· 
-··. ~ 
~( ,\) 
; r· +. + f (·-,'It) + ( '!l t !!1J t) t ). ( ~ 'f If.! f) -t .. • -J· , 
. " " . D l1 D z,. 
--- "- C1!tr·--- · 
-·. - 0il.~~~~~ it - •,J. • · • .,,. 
f ·~ 
f 
·1'..· ., ,· 
i 
f 
Ir 
I 
I I 
f 
: 
-
>11i· 
~~;·.-:··< 
f t}}-~\'.,·~:~}~t 
!-
~[r;·:·c1:';·~ ~t#:-.J <: -~~~j~~~~ ~~ 
- --------- -~-
- 32 
' ' 
.' 
We have. double po1e at A == 0 and the residue at·). • 0. 
is 
K.s. 4>,t ~) 
" ... o. 
=. R7i 7,; [t + ~ ( X-Y)] 
(73) 
Substituting values of x, y as given b_y equation (44.2) we 
have .. 
Ncs. +,( ,I) = (l1f fJT. { t +_ & [ ~ Jo1 I - & (1,1,o1 I_ ,..,_ 4")\1 A ..... o I, ·..t(c · 4 .i.t, 4 ~I, 1 
Similarly, analogous to. equation (46) ,. 
4'~ ( A) 
~ ro[.L .. + ( t-a,J-'- ,r. { ~ - a,t) + { ~ - !J)~+ ···] 
' . ). ~ 11 :0 1) . 
(74) 
Function ~ (~) has, also, a double pole at -~ = 0 ,and 
\ 
the residue at A = 0 is 
li,s. ¢~{ )~) = 11ri To ( t- 4 J 
' . ·······--·=b -:· ::-:-:·-~::=-=-·==··-······ -· ... 
- ______ L!_ ___ ...,_o __ ... -· -- --------····- ··-·--· -------- ------ --- ---· _________________ ,_ ........ --------:~ -- ---· ..... . -·----·-·· --- . ----------·· ---· --· ....... .. 
. -.L,"~··· .. • 
---
To find residues at }. ·= -k., .t;,a we need to evaluate 
,.. .:· ,.,,' ,~.,. 
, ............ . 
.\ ·. 
•. 0 
. (,, 
I 
-.-. ;._,-_,·, .. ,.r;'i, 
- ''. 
· A [f AC>.~, ~:ich may be written, analogous to equation 
"'· -,\ .,,, ( 62) as, 
···-···--·-----·-·-·---·---··-··- ·,~ ----·- .t -··----·--·--------· -__ -- . 
"" . ··/ 
. 1T 6 k, CJ; M(,t,,) {76) 
where M(J'7t) is given by equation (67). The residue of 
i 
cf:.? (A). at ft = -~-', is, I . 
I IC • -1i.1" t 
(21Ti) 71 "i, 1o '2 ~- e J/1u..,c1~1 .. ,ru,,)fr/(J.,) (·7·7) ~ IJ:I ,, 
Similarly, 
(78) 
Now, we have 
/ (79) 
and 
··-
. ..., (80) 
-
~----·-·· ..... ···_··. -:<:.:·;~:~~~--· I · f , I 
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PART VI . ' 
.. ....... 
. f};it1! TB-~ STRESSES FOR A LOBG .... SOLID COMPOSITE CIRCULAR CYLINDER 
... 
l{t}:\J ............ _____ I_n_P_._a_r_t_I_I:_w_e have de:riv•d expressiOns, f'or s~ressee · I 
and displacements f'or a 1on.g circular cylinder as given by if}:lt 
.. 
' ~ 
i 
I 
',',,.,,.,, ~ ?,., ... ~., 
-,, ... -., .. 
if'.· .. : ....... . :- T-':~eZZ!, !.-:-·-... -.. -~~-_,.- ;;~ . 
Ff '"· ··i 
·r~ --·-- -- -_: :·· ---~~ 
f 
~- • ; 
•· ;;~~-
t %• 
. . . 
I
' (' 
. 
. 
. 
s 
t} 
::::::: :::c::a:1:!;in::·:~q::t::::t::r a: ::::o::~id, . .. ii 
:,;:.* 
., 
· L~t the temperature, Po~sson ratio, Young's modulus; 
atresses·in radial, circumferential and axial directions; 
displacements-in radial and coeff'icient of thermal expan-
sion in b/..r(':' be:T1 ,y 1 , E1 , ~-b,B ,·G.91, u, and A,1 
I 
' let the corresponding quantities in Oi= rt. b be T2 , ~ 2 , E2 , 
ir, \8, ,, and U.& • The surface boundary condi-tiona are 
.. 
U1 (Y,~) : Ui (·~ t) 
~d ~t, = \1'{Y,6) -
i.r(Y,t) - 0 .. 
-~~ (-r, ~) ,:"; ft. 
A I, 
'r: 
r= 
Y' C 
Y= 
-
-
~ (1) 
~ 
" 
(2) 
~ 
Q. 
(·l) 
0 
(4) 
0 /f. rJr + Jr~ . .,. 4 
.. .. .... ·-- ... ..... .. ............... --, ............. "lJ'"""" ... . . ......... _ .... .. . .......... . ,_. -- -·------"·--~·---------
-ts>-·· 
.. 
,.., ·"I, ·'="'1·~ 
- .. (6) 
--- ................. . 
.. . . 
---·The--··iitress-stra1n re1at1cins t:or a-~10~,--~i~~~-~a~ (:ii; ... -........ . 
inder are ( 4 r· 
,· 
\ 
' 
. ······ ... w,.·.•c:ms111 
-1~\~~i;c. ~.~.·~·~-... · ' . <·•··.··· .··.· .. ap~ 
:J}}iJ 
f·:·=:.<:<·;:~,:~ 
tet'J::f 
. ~; ';,~..: ~:>~: 
-·----- ~-- ~ 
-· ____ :,., __ 
.,,. - . 
Also, 
-
The stress equat_ions now ,may be writ-ten as 
(I#; I-Jj) [t I-II) t ~JI(~ +i.tt).., (/+JI) ,r J . 
E · [<1-JJJ ~ + 11(1# + ,n)-/11-vJ#r] (~+»)(I-JI} dr 6fr . 
and. 
( : e [' (i-1')1¥1.,. ,j'i + !)-/M1)4Tl 
... {l+l)(I-JJ}) ) 
--· 
. . . 
I • • • 
-,~---·,~-
. ' ~-' 
_-(1-1·· 
. c-~J ··-·."I_: ~,: . 
. ··. -~- . ,.i'. 
(8) 
, (9b) 
(9·c) 
Substituting equations -(9) into equilibrium equation 
d£ + o;. _ r, = 0 dr ,... (10) 
we get 
J[ i tit Ur) ] : A D_ dr ~- dr (11) 
Integrating of equation (11) yiel~s 
····(i2·,--····-···· 
··~ 
whe:re Qboice of low~r l:!.mi t a is ·arbi tra;y. a+1d, _ ,,, ' 
..._ -- .J --.--·- ~, ____ , .... ~ .... ~. . ~-- ~ ·~· at • ·..fl!· r,. .... :--... ~-·--··-.-· ....... 'J-' 
.. ··- ~ ··-- --·- ·-- •· -- . ··-·-···-- -- . - ,, - - -
_., ··· fl = :; A (13) 
·.'·\ 
. ·,····,\·::-; 
- .. ···-·. - - . . .. . ·- .. - ·- .. ~ ... , ,:· ~{~ 
~-·: .··::.. .. 
(.\('..f 
. '· -:,. . 
. ' 
., .... ;;A,Ji;;. __ ., 
• < . 
· .. ·-· ···-· ·---·.· ' . --~- '~6 
:··.,·~·:, 
... 
--·. g 
;~?: 
~r: 
:-:. .. -v 
. \)\f: 
· ... · The stress cc,mponen.ts are · _ i,\~)'. 
. . ,r 
{14-aJ_ · 
.··•.-........ . . .. 
f. : . E .. ftt-11),,, +(b)../)IIT+ 1'C.J· - . . 
i (/#JI}{ I-II} L' . . L --- . 
·-(14c) 
... ~-- .. 
. . 
Stress components tor composite cylinder can JlOW be 
easily written. from equations (.14). 
The Evaluation ot Constants C}, c2, c
3
1 
We have- constants c1 and c2 f'or stress co...,ponen:ts in 
-
the region bL r/.. a, and one constant c, tor region Ol r/,.b. 
From bo~d~ry conditions as given by eq11atie>n•-(l) and (2) 
ve have, (Appendix 4), 
I, .. 
C, = C1 I, -,. ~ - !! fr, rtlr 
. I," 1,a 
• 0 R (lS) 
- ·-·- ·-----. ·-· 
-~ .... ·--· --- ·-------·· . -· ..... -.; .. ! ;~.,~; ._,.. "-t, ... , ..... 
.. ...... ::'. •.'_·~ 
--··~---t-. 
· At~-, front con4itioli (4) - -·. -:.;. ·:·_ ,,.: 
'. . ' . . . . : ,_ - .. . ' 
. . 
. . - . 
. 
- ·• ----·· 
'- ... 1.-· 
. ,· 
. <-. ·,?"":' 
··\:: 
:'}: 
JI! +f°!(·_tJJ.:.11+ l,,n_~-IJ.f.·_. T,et/r+M_·.,,, 
:-i. ·· ill 1 'J · .. A.I . .· · 'I . . . "'_·· :·.·(. -."'.· .. ·.,:•.a··,· .. •·_'.·.:_• ... _)·.· . ·_· .. 
' .. . ' . ~ ' ? - ------,-, ~--=-..c.,---~--~-=--~--~.._=-~.:...__.-,:---:----::-:-:'.,:c'~· },\:~ ·- ~··'··.·~-· 
' ~;,ffJ .,. ".' 
..... ... 
be· ~q~ v~~ fq~- -~Qn.i t_.µ1t~s ___ a1 .~d ... ,Q.2.• . The-- ~so1-u-t-i-<>it···i;~- •.. -(-Ap~ · 
. :f.a,, .' ·------~---
pendix 4'), 
4 
C, = ~ r1-i;,J Ji rJ,,._ ""'+iii 1,:...,,,,) fc,) 
.. - . ' . 
. ,, 4 
c,. = 1 [- ~ ll [{l'*lflt ,-l~J-1111+411 ,_J"-'11 r "'""' 
. <; ' ' I. ' ' 
(19) 
... 
+ l A,111•/ 1-Pz)(I+~) jT;rJ,.. + ,na11z/11,-t4J(l+JI) 
' 
(20) 
b 
C 
-
. ,. '- + Ca _ Iii j .,.,~,. J,.. J • '-,a - -: ,., cr1 • 
JJ. I• 
0 0 tJ 
(21) 
.. 
where 
(22)" 
Evaluation of Int&grals: 
0 
. (23) 
assumes value of r-and a. separately. 
. ( ' 
_ .. _ 
00. ; • 
-- ·- ---·--------- -··-
~ .. -
... 
w:l*~·· upper limit tl;l.ki:tig the. valu&tt -.:,£•· r and· b separ~tely. 
- • --- - .. , . ·- ,_,_,. r-: . --~r~·-·; " -
'• ~-:,:., , ' .. 
J'-,r ·above ·eqqations int~_~aJ..s of J0 (l') and .c(r) ar.e neede4 
.. --~n.ty ~d can ~e sholfll as 
,... . . . . 
/ r ( { t-1r,r.., ,i,1,,) tlr :r .. .J- J. _-£ ftl!I• -r 6{"'•,J14) -,23· · · 
' . . ,,,. ,,,,,,) . t~ ·---- -· ·- -- --- - .. ' . . -;:~;. . (?.5) 
,. j rJ.(L11)dr = ,. 
--
" ' 
Also, 
. ,. 
/ t_rl,- = Z4 r • 
0 
I, 
J,/r,t,,J; Jr,j/1'1,,)'lr :: t . J, 1,,J 
. . 6 ·---·--·-- . 
, I 
' • , /,; rdr = lA_1,'-
o 
C. 
ih Ir! ,,.; ; Jr. ,.. = in toi 1,a). 
I, 
,· 
We have now 
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·./i:. -~ ·: The Val1J.e of Constant JD.: 
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From equation (S), we havtt 
. ,· 
Jr, ,-dr = - j(;, t" Jr. 
I, ,., ····· 
...,,,,,,.r,:. \,., .... ,. ... 
or 
f lflJJ{ /..JI,} 
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- __ lfo.· 
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··.1; fl-,.JJJ I,;.~~).·._· 
The · tune t ions-u ( r , t ) , ff r .( r, t ). , f, (t ·• t l ~.lz-.{ . ...a.:!!:......,.:k..t ),__ ·------'--.,---·---':",;.,..:.+-I 
can be written down now, usi.ng equations (19) --ttr ·(2l..) 
tor constants c1 , c2 and c3 • The value 
given by equation (34) m~ the value of 
equations (-29) ·to (31) •. 
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APPENDIX 1 - : .· .~:._- -- _._,_ ·---
PROPERTIES OF BESSEL t_UNCTIONS · 
~--··-·- ---· .. , 
-
= 1 I;1-,1 l1J --
··- . . ..... ·- ··- ·- ··--- ------ . . -~f~) . 
{2) 
.... , 
e /(p (a) - v /(,,/1) ::: - ~ 1(,,.,1 /i,J 
J . .,,,, (f) + V .J; (I) : if .J;,.., { I) 
' . 
. 1'4(1) ~JIJ,(1). =· ~1~1(•)~-~-
Y (z) satis£ies the same relations (S) and 
, , 
J,,rr:J Y, f*)_ - Y,,(*JJ,, f•J .1 . - . 
- -,r~ 
. 
I11f*l K;t•J - k',,teJI;t,) : --} 
(3) 
(4) 
--~-- (s) 
(6) 
as J (z) •. 
(7) 
··-( 8) 
.(9) 
(10) 
-··-., .. _ ----
---~---------·-·.-·····----·-··---·~-------~---·----~~:-- .- .- - ·.. --·-.. -· . ····-------··-· ... ·· .. ~--~-----····------·-- ----------
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~ : .. . 
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~: 
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1 
I 
I 
- . . . . . : ·:.::: 
. . . 
. I. . :...___. 
, ..... : ....... -----· 
: _·::_~:'). 
·::. -~Ji(" '. 
... -.__ ... ~ . 
' 
;,i~Jt : 
\:·.~ ':f ,.:it: .. ~ 
.. ,~ .. '. . ' .. ~ . .APPENDIX 2 
~,i-,' i ,; ' ) • 
. . _· -,-'------~---------_---_-·_!-'---:---....-,,-• ..,,..:.-~-~-"7"' .. >:_...,....* ,/<'--. =-'-,-, -==-_..,.,,,..,,...._, ~~~:-'.;1-.---~~-
---~'--"-~Fiii'"'."r~o~m-,--, -e-q~u-:-a--;t~i-o-n--i(r.1;--;;;9;:--;)~,---;;p;;-:_ a-_ rt ·_ V ;_ 
.. 
wh·e:re· 
,,, .. ,,' . ' t 
= 11,_s,. +· B, S.,. 
I- -,, 
F:rq~_ equation ( 20) 
-• ·- - .... ·- - ,_ _____ ---~ -- -- -
II,- :t; - II, S1 .:. · 8, S4 
where ~ : JJ I,(1,/,) I 
.I, (&1,) 
*• 
where Ss = _ L{i_1,), 
.. 
'.I. 
'- ·-
S41 = 
~(t,I,) 
1",,'/£6) 
. -· ,."--c 
·-··-··---' 
ff K, ('I,&) . ' 
. . --1- . ff = 
.z; 11,IJ) · · 
K,t, 
nr,, 
(3) 
(4) 
(5) 
{6) 
Rearranging equations ( l) and (,) and ( S) , we · have . 
the following set of simultaneous -~_gua~Jons: .. 
:0 
= 1i,jp 
--·-··----- .. ·--·---·--- ·--· ·. --~-----···--·-···---·------
The val.ues of constants are 
A1 = · kl/p .. ( Sa+ s,) _/_ · 
• '"~ ..,., "' -~. '!" -1? ~ 
Ai - 'r_J_,. f---.e.-~--~---C--CJ .L -----.----------~-----·-·· -:: ~,r.  wC/ "''# T J,1 JJ_ If 
... 
............. 
(7) 
-(8) 
--·4~---······ .. · 
(1-0) 
(1.il. 
.. 
.. 
. . "'-' 
·>·h·• .. ·· ..... : W el:'e 
,.a,...'.-..... • • 
., 
. . ------·-----
- .. · 
. - . . ' . . . -
.. 
··(12}_ 
- - ···•···-- ·------·---~·-····-· ... - ..... ,.. -··- ... :. ___ :. __ ······- - --,-······ 
··-
- "!21. ~-'-----
'/, z ('1,1,) I,(&&J 
where \te have used reiatio'1 (30~-S). 
Also, 
- . .. 
L ('/,,JI, r,,1 - . n Zl&.&J I, fi/,1;J··-
r~/fa1,J z, r f.c,J 
Ko (f,IJJ 1, { 9.a6) + n J;, ( fz.A) ,r, (l/,6) 
L f </,aJ Ko rt1,J 
Zo/9;1) +11 
K; ff,/,)~ { 'J1fl) 
I, /1.,J,) 
· (13). 
(14 )-
(~;) 
(16) 
(i?) 
We have, theref.ore, on rearranging equ~tte>ns ( 15) · and 
(16), 
~ ~ ... ~ ·• -·~ 
-
S;( f~+S4) ... s,_{_s,-~) 
:.. " - ~•~ • .... .\ IC\I ... ' ,,.. c.)<• ~ , 
.. ... ~· 
-,ii\i 
JJ r,,,~J 'Jlf 1,•d,1,J ... .,, .z r ,._1,J II,, r t,11, i.,1,J · 
(l8) 
.... •-!'"<"'' ...... ,c·• 
' . 
:...<.· '\ 
-' ' 
I 
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I 
.. 
The values of constants are 
A,= ~IP· Ji /(.1'.I,/tz1,J#.tt,6) + ,f,t,/(,/1,1,)L/~1.) (19 )- _ 
·---··--··-~·--•~""··--~~--~·--.--,.--.---,·•·u-·•••~-...4-,.,•~-·--=·~-~--~·.:.-~--~---,.,·'"-··•-~"f:1t771 
. II,. : . 7;/p . J.. J(,j!J 
N 
where· · 
The expressions for T1 (r,p) an~ T2 (r,p) 
· f;t-";I) = A,I,,ft,r) + ~ .foflr) 
are: 
= ;4j [ '11,I,r,~1,J [Jott,rJkolt,1,) - l.tt,rJLfll'~ 
+ K,j, L(faJ.) [ Llt,r}l(,{t,I,) + /(,/t,r) Io(t,biJ} 
(20) 
(21) 
(22) 
- To Ki lz.L/'11.1,J llf rt,,; 1,1,J - K. f, Lf ?,6} lJ01 ( t,r, e,1, J 
- - ~..;,_~_..;;~~------~------...;...---------
p /(,_f,.I,(f,.J,) lJ('l,Q, ,,,) -K,j, fo('b,1,) "/Jo,/ l,4~ 'J,I,) ( 2.'.}) 
and· ·similarly, 
--7; fr,/,) = 
;r; /(,/1, 
= .rJI ----~---------.. ----
.• ~ •. ___ ~ _ K,. l~I,jt.l>J lJf ~" ~ ~.') - K, f.r bl1MJ D ..1 /f/tJ 1,6) (~If) 
-:·~ ·-·---·--
-
.,. -- ·- . -· ... ··-- ·-
,._.._ 
-......-..--- . 
.. 
. ..~ .. -------- -· 
, ... 
4-: 
.,... 
··-··--- .----·· . 
l I' . 
1- ~ 
I 
' 1,.11'· 
- 46. 
APPENDDC 3 
TO QA,LCULATE RESIDUES FOR EXPRESSIONS / 
. ' . . . ~ 
41, (i\) ~D ~ ~) A_T _ A = - &-~.r,,t,....___._ ___ ~-~....:..:.......-
'- r·). ~J -
"~ . tl}. . - (1) 
:0 
where 
A : \,g, K,.;11, I, I ~I,) D ( .U,4, ,41,1,) - /(, Al, I. (,tlz/, )]}., ( ""1•, Al~) ( )6) 
Le·t 
... : __ .-~ = . A:; M.a z; ( At,1,) J) I ;11, a 1 ·.,,11, J,) 
and 
~1 : I(, 1,I,/~I,) .l/,,/A,IJI ~1b) 
Now 
i-rJ..~ _ _f_4 
d~ - dAJ dj - 1,,MI ttA,t 
Therefore, 
{ 2 )-···-
(:)) 
(4) 
'J-t' : t { ~ka [ J, t .411. I, (I. -~1 J] + :~ [a lJ,0 + , iJ,. J 
(5} 
where tor brd~"'.".i ty· 
. . ' 
• t ,:. • ; - • - t> .. - ......... ~ ........ .., ... - .. 
I. :: I. ( ~~~~I !t . = _I,!,, 'l , - j),. i:. ~ JJi,.l 1't'!., iJ,J J ~-
and have used relations (55)to (.5~-)-,- Part V. 
~:~ 1!>~ { };:;:;( 
);,·~·l_·-~!] 
,2it!r;1 
f-~-~~--··.?··:' t}r1~ ... ii 
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Simi.larly, 
where we have used relations (5.5) to (59) and (:30.8)~ 
Summing· up equations- ( 6) and ( 7). 'lUld simplifying, we 
have~ .... ···1, .... , 
dll 
-dA 
-
-
,· 
-
-
. 
\ 
~ ·-. ··-· - --- --------·'"-··-------------------------=-·-~ . ---- -----------,-·------·-· - -----·. ------~- ( 8 )_ ___ .... -------------.. ----"----'-i ,.-:--I' -:-11 
11~ wh.ere we have ~sed relatio.n {60). .. 
- -
r' . >. 
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, 
,' ·-····---- . -----·--· -
-
we have. 
(.9) 
-
where C = C ( a1t"; hit,,} , '4 = J; ( I, ,1,,,) ~ and we have used rela:;,. ·-
tions · (29), (30) and (30.12). 
The numerator ot; 41 (~) is 
At . . 
e · K,. "'1. I, ~1. J 1 f ~ r, ,11, 1,) - I(, .11, L( Atz, J Do,/_,,,, r; ,11,1,) < 1 o) 
.. 
which can be rearrangeq and simplified as 
,. 
-
. At K, /o{A11.&J 0(~'1~r)e 
- I, J) ( Al, a, ,'1,IJ) 
. (11) 
·····--· :---·--~------- ---- ' ~ •••• :--::,,---;- •- ...--. -------~-• .-...... .co-.-:><,:---=--,.._-.--,,~-·- -~---~.--·---.",-.-----.--,.---..,-,,.-..,,~-.,,,.....,, • ....,.,_.,..~--=-----==----.,.---···~-·•·-=/'.".,,-.-.,~~-'.'", ,,,+ ~ sn.,.. -.~ 
' , 
I ·-
I l' . ... -... . ... 
... 
where we· hav~ us~d Tel at ions ( .30. 6) and ( 59). 
Now when A:-.f,.t.,' ;-the equation (1r) becomes 
i ' 
,-"i;,1· k',J~. f (~~:!f:!l_ 4t~~L ------: ___ ···c-1~~~1 ..... 
··· · -·~·· · ... .. - Cf a,,,,: l117,, J - ~ · · · ~ 
~ . 
Tlius 
I 
,I 
~· 
' ~· 
' r, 
" 
---~-- '.,~ . ....,-~ ... ---·--
~ ' 
l.. 
,: 
~ . 
Residue ¢,(A) . 
' =• -Iii .fn I. 
, ' "' . ~' ·,· . :.·., ....... ~· 
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. ~~ . ' 
. 
. 
. 
--= -z ·. e ~{'""'~~~U·14'1JG{ll,l.,,IKl;;)Qlil.J&} 
,,., C ( ai.tre, 1,~1,,) 
- -t.l:t ~ l 
: ~ e (TA;) J; ( """) C ( rJt(,,, 1,t,f,,) 14( .t,,) ,.., 
and, similarly, 
•• ; ~-- '., t 
Residue ~ ( ,\) 
') • -"' J,.,. 
.. 
., 00 -~ l,,l 
. 
: Y.ft ~/ ~tr.r.JJ.f 1,1,,J C ( i1r1,,, /Jkt..) ~/6.J . 
where 
I 
M{l,,J 
(ll) 
(14) 
Now the residue of functions~ (A) and~ (i\)" is each 
un~ ty at 'A = 0, and therefore the value of integrals as 
given by equations (~)) and (34) becomes J! ....... 
' -
. -l; 00 .. ...It. 1-'~ ' 
. - -- -......J--- .- ,.,_ - ---·--·--------·- ----- ------------·----·..;.µ_1· --'--a ···-. z-Q"v - -- .. ~ - ___,... - . r ~----· --·· .·- - •• ------· ·-
··· .... -·--.,;11T:.: To+ Ti/t;~To "° ~ ~.1,1,,J C(,."'", """') 1111,,,J · ~.:11,-., .... :~--£- (16) HI . 
- - ---·--· _.., ~ - iii~ -~ 
' ~ -and " -4• t :1Ii -:"- • 
,, ____ iii1 ·=··~·+ irK,'r.Z t _J;{r;;.JJ;tG1..rr:rr""· .,,,,p,,,;r--·-··--· .. -1r.·· 
., 11 =I . 
. ( 1 7 ) ~(t 
Jr 
t' . 
~---
.-
•! 
' ,-
,· 
·'" 
... 
APPBNJ>IX 4 
. -
EVALUATION OF CO~STANTS cl, c2, c,. 
equatio~s {1) to (6), Part VI, we have 
[u,J,..s., 
(Lt,J 
- <rs&. 
rU:,J L I . r: c, 
rtrr] l -· >"=& 
rr.~Jr:tt 
. . . 
- : f "rrt11, + C, I, .,. C. -
-I,~ 
- c,. C. I, + -
-
I 
-
,,. 
- & J'r,, rJr (.j' . -
.. 
• 
-
-
/;, 0 + 
c; E, - Ca. 
{/#JI,)(/-!~) ii 
' 
e, + ~~"" 
.(Jf'J/)( ,-~"') 
: - Ila f:1. j ~ rtlr + (, E.z. T 41' WI . 
I,'( It~) " _ · (/-,.~)( l-l~) (i+J!,){ J-i~} 
4 
: C, .,. ~(~-I}+ ~ llJl,-l)j /'lirtlr -,. .J$,., 
a I. 
From equations ( 1) an~ ( 2 ), 
q = c;" + c-a1,:1. - 1/a/i Ii; ,,.,1,... 
0 
- so 
-(l) 
(2) 
( j) 
(4) 
( 5-) 
( 6.) 
ti~ 
--;it 
! - ~--;~·t:· ',';J~,_~..;; ;,;:·::<·j 
C .:,,.,-if-,·· 
,~~,.1~ 4,I,,,,~ {1,fa~ 
'i 
.. ll~f~'' 
·.; 
;; 
,_ 
L .·-
. L . . ._ , 
.. L 
t 
. - .. - -·- '"-' - . - -· ' 
_. _ _, .... ~,·· -~ ..... --.... ,, .... -....•- ··- - .,. - .. -~ ... -
From equations (.3) and (4) 
--- . . .. .. -- . ~ ··--·-· ·· ............ -"" . . .. .. ·-· ~- . ~-- -- ;-f j ~ 
~ .. 
' c; C c; § ,!!:!*.~~~£~~ @ ' §. Ea (/+~)( /-.2.JJ,) 'l Ii ( 1+1')( Ml',) + ,h (l-~1') j{rdr -,· ( I +II;) J/·· " . 
~. -- (7) 
--
j ll 
kJl 
•• \J,~ [3 
'?~ .. -~ ,. , ..... _ SII ----·-
.. =m 
ffl 
:'I~.~ 
'. 
t;. 
,.~ 
l 
1_·,_ - ..• J - ·~ •' 
·1quati;ng. (6) and (?) 
' C, £ + f! - ~ / '{?-Jr : 
. ~ 1:,a A~ . . 
, 0 
. " 
. C.-~-1-P-t.if ~- {I+ l!J· : -~(--l+······e)·····1 T.. -,.~ + -~ f~f/- ~) 
- , r _- . , / Ii' a J,'£- 'J o JI 
where, 
·, 
. ~ . ' 
- Sl 
(a)· 
P, = i ( I~)( I-IJ/z} I { !+'I)( 1-i11) , ' ~:: i (H4)/ l·J1~'/( l•ll). IJ ~ /l-'J;) 
and (9) 
4 
- C, + 5 { tP,-1) : - ~- llJ/,-1) / r, rtlr - ~ 1"I 
4a 4£ I (10) 
Solving simultaneouslyequatio~s (8) and (10), we have· 
or 
C: 
.l -
-
Substituting values of P1 , P2 and P3 , we get 
4 ' C _ · - Ai /l [ (1#11)( I-JIii/ J - J / l+J!a)(/-JIJI:,) J,f '1f rtl,.. +1A,1, t1'/ l-"J( l"",J.{ 7; r4, 
____________ -~ ~ c:, _ _ _ . ____ ±~1 ~ tl ~-"~!~ :Jl~lt'+ .14!] ~ _· --- -. -. -- - -- -+u+-- - -----
where 
. .,.,_ 
...... 
...... -
-
.... 
-- - -
(I 9: ·. !1' [!_~~! ~ : ( I~)~ 1-,>51 + l,f l-nl,)(J-,11,f• jf HJl)/1-14J} · 
... J.' . 
(12) 
•·· 
4 
C 
·. ,=· & (l-1.I;) ;· f rd~ et~ .... · . 
·. ·. . " .. 
- JI. WI 
.. ' 
" < 
• 
-
C ·6 ·+ C II, I 7i. t"" .. & ·I - - ...... I, , 1,a 
• 
i". 
/ ·,...,.,_ -. .. -· . __ ·, 
-
+ 
el~ 
.,,~~~) 
o•· 
[ a.1·_,· ·I 
- --
'·· 
~· 
(14) 
i. 
,: 
' (' 
i 
'· [<',· 
I 
w:here 
-- -
' 
-·-s, 
APPENDIX S 
QUOTIEN'l' OF lJ+X)i- B).& 
-- - ____ . ___________ 1/±.1~ --ClL-------~"--". ==~--· =· ~ ,__ 
1>+YJ.-cJ )JJ+x>.-sl( ,.,. j'A ,fff3l+f'.l+ 'jfl 
-DtY) ;ct 
. ·W,A + Wz >.'-
- w, J ! y(w, /7J) 2 + C(w, / D)J.3 
~ ).2 + C(Wi l1J)" 3 
- WJ}.2 + Y("'JID)).3 - C < w11a)).'" 
- + • .. 
~ AJ t. 'c< "'Jli) A 4 
_ w4 ..4
3 + '( ( N4JD) J.4 - C(1tt1-,/o)J.r 
- + 
w.,..A• + C( ';/a) .Ar 
- WrJ4 + y I "'.rlD) ;.r - C(41r/D) .A' 
.. + 
- ·-- ·-
f .. 
i. . :. 
1· 
I.· •.· ... ~/ 
~
'l 
~( j l ··· 
ff· 
~-. 
I"/ . ; ! ' _.J. ___ _ 
" . 
:_._,. -
~ - : APP. ·· 
--C-------~-~--- END:C.C 6 
.:. .. _·_··._· -· _._·_. __:,, 
: ·~--·· "'!' ' 
. ' 
"' .. 
., 
I 
X 
I,. 
~ _...,_. 
• 
' 
• 
.#'!" 
-I 
F 
• .. • 
. c 01 
• . 
C 
. 
I 
. 
---=--/L---··-- Figure 1 ··Figure 2 
•.-····.· ,. 
_________ :_ __ ; ., ___ ._. - ·- - -- -----·----... --,. ----- _ ...,_.. ...... · .... . . ·--~ .. --------- . ·--·---- .. ~ .. --. ·- .. 
t··-
... 
. .. ~ 
~ ....... 
... .., 
,· 
.... ... ... . .,_ . 
... 
' 
-
l 
-~-· 
,, 
"' 
:;: . 
·" 
' . 
( 
·- -'/ 
.-
-~- ~, 
. . ~ ~ 
· ·BIBLIOGRAPHY 
1. C•rslaw and Jaegert · CONDUCTION OF HEAT IN SOLIDS, 
1-._-L,. 
2. r. B. Hilderbrand: ADVANCED CALC'f!LUS_FOR E~GINEERS, Prentice-}lall, Inc.,· ·1958 
. :). F. Erdogan and_ D. M. Parke: .Ai~ INVESTIGATIO!-l OF THER-
--~---·-------=---------------- ________ ~-- ,--- ----~L STRESSES- W--:E-T-H_ APPbreAT-ION · TO 
· , - HOLLOlv CYLINDERS, Dept. of.' Meehan-
-,, ical Engineering, Lehigh Univer-
sity, 19.55· 
4. S. Timoshenko: THEORY OF ELASTICITY, McGraw-Hill ·Book Company, 1951 
:5. R. v. Churchill: OPERATIONAL MATHEMATICS, McGraw-Hill Book Company, Inc. , 1958 
--- '\ 
6. R. v. Churchill: COMPLEX VARIABLES, McGraw-Jiill Book 
- --·-- .... 
Company ,-Inc., 1948 · 
7. J. C-~ Jaeger: BEAT CONDUCTION IN COMPOSITE CYLINDERS, 
- Phil. Mag. )1-)2, 1941 
.. ':"--• 
----F 
.-.. - - ..... -·' 
" 
...,.,,. __ ..,. ... -.... 
- --- ~.:. ... _- .. r--·· 
" 
,· 
., 
....---,- -- J·. 
... 
.. ~ . 
'·' 
, 
- _JS.6 
. 'VITA 
--Tile candi,date, Chetan L. Karna, was, born on March ·6, 
. ·,· ··-·-~.···~. ·- ~-·.·· 
--~-·-
L==I----...:..__,....--~-~~:-----=-= ~-----_;..,.,...-------------.... 
, .. 
t 
(., 
.._ 
~ ~ 
_ .. 
1927, in Larkana, Sind,-- West Pakistan, eratwhile British· 
India. Be is the seventh among eight children born to 
Motilbai an~_.l.!a1chand Navalrai, both deceased. 
--
-·- -- ----
- -------~--
-~------ -- ---- -
He graduated from the College of Engineering, Poo~a;·-
India, in March 195:3 with the Bachelor's degree in Elec-
trical and Mechanica:l,. Engineering. 
After one year o·f trai_ning at the Hindustan shipyard -
at Vizagapatam· in India, ·:tie proce·eded to Canada in 1954 to 
Join the. Canadian Vickers, Ltd. at Montreal (.Quebec.) for 
further practical training.- . Later he worked with the 
Atlas Steels Company, Ltd., Welland {Ontario') as a deslgn 
engineer. 
In September 1957 he was acc·epted as· ·a ··graduate s;tu-
dent in Mechanical Engineering, and was awarded a gradt1ate 
assi_s,tantship, at Lehigh University. 
fn January· 1960 he graduated with a Mas·ter' s degr.ee 
in Mechanical Engineering. 
~ ·-·· -~-->- ..... - .. ·.···.··· ··. ~ .. -- .. .,. -·•. - ---~-
....... 
... """·...,. ~ ...... . .. ' 
-
..... ~ ... ~ ........ 
-
,.;,_ 
~.; ....••. : .... --· .. : -~ .~ ~'"¥:"'._...._..... ....... _ ........ -·-;•. _ .... ·.--·.·. _.., .... 
--
•' .... 
--
..-
-~ ... 5 • ;....,.. __ _ 
